Abstract. For a semi-abelian variety over a global function field which is isogenous to an isotrivial one, we show that on the product of local points of a subvariety satisfying a minor condition, the topological closure of a finitely generated subgroup of global points cuts out exactly the global points of the subvariety lying in this subgroup. As a corollary, on every non-isotrivial supersingular curve of genus two over a global function field, we conclude that the Brauer-Manin condition cuts out exactly the set of its rational points.
Introduction
Let K be a global function field of characteristic p, that is, a finitely generated field extension over the prime field F p with the transcendence degree 1. We fix an algebraic closure K and let K s denote the separable closure of K. Let Ω K denote the set of all places of K and let Ω denote a co-finite subset of Ω K . For for each v ∈ Ω K , let K v denote the completion of K at v. For an algebraic variety X defined over K, we endow X(K v ) with the natural v-adic topology, and then endow v∈Ω X(K v ) with the product topology. In this paper, we assume that X is a closed subvariety of a given semi-abelian variety A, both are defined over K. We identify every subset H ⊂ A(K) as a topological subspace of v∈Ω A(K v ) by the diagonal embedding, and denote by H its topological closure; moreover, for each v ∈ Ω K , the inclusion H → A(K v ) is continuous and therefore induces a subtopology of H, which will be referred to as v-adic subtopology.
Suppose H is a subgroup of A(K). The main aim of this paper is to investigate the circumstances where the equality
holds. To do so, we shall assume that H is finitely generated, as Example 0 in Subsection 3.3 shows that the equality would not hold even in the simplest case where A = G m , otherwise. On the other hand, the case where A is an abelien variety and H = A(K), has been studied by Poonen and Voloch [PV10] . Indeed, they propose that in general the equality
should hold, and they prove (1) under the hypothesis that A K has no isotrivial quotient, A(K s )[p ∞ ] is finite and X is coset-free (op. cit., Conjecture C and Theorem B). In this paper, we consider the case where A is isogenous to an isotrivial semi-abelian variety. Recall that in the category of varieties (resp. of semi-abelian varieties), an object defined over K is isotrivial if it is isomorphic over K to one defined over F p . Our main result is the following: Theorem 1. Let X be a closed subvariety of a semi-abelian variety A, both are defined over K. Assume that there is an isogeny f defined over K from A to a semiabelian variety A 0 defined over F p so that each translate P + f (X), P ∈ A 0 (K), of f (X) contains no positive-dimensional closed subvariety which is F p -rational in (A 0 ) Fp . Then for every finitely generated subgroup H of A(K), the set X(K) ∩ H is finite and the equality (1) holds.
Example 1 at the end of Section 4 explains why we cannot expect the conclusion of our main result to hold without any assumption on X. The proof of the theorem consists of two parts which are carried out respectively in Section 3 and Section 4, with the key ingredients, Proposition 2, Lemma 9 and Lemma 10, proved in Section 5. The first part treats the case where X is zero-dimensional by adapting the proof of Proposition 3.7 in [PV10] to our situation, while the second reduces the general case to the zero-dimensional case by the induction on the dimension of X using a different Mordell-Lang type argument. The approach for the second part is originated from the proof of Theorem A. Part 1 in [AV92] .
Suppose A is the Jacobian of X which is embedded into A under an Albanese map induced from a divisor on A defined over K of degree 1. It is proved in [PV10] , Section 4, that if the Tate-Shafarevich group X(A) of A is finite, then the set v∈ΩK X(K v ) ∩ A(K) is in bijection with the Brauer set of X over K. Therefore, if Theorem 1 holds, then the Brauer-Manin condition cuts exactly the set of its K-rational points on X. An non-isotrivial projective curve can have its Jacobian isogenous to an isotrivial abelian variety; for examples, super-singular curves of genus 2 have this property [MB81] . The following corollary is proved in Section 4. Corollary 1. On any non-isotrivial projective K-curve with its Jacobian isogenous to an isotrivial abelian variety, the Brauer-Manin condition cuts exactly the set of its K-rational points.
Preliminaries

A semi-abelian variety
A is said to be defined over a subfield F of K if the underlying variety has the following form
f (P ) = 0 for all f ∈ I g(P ) = 0 for some g ∈ J ,
where I and J are homogeneous ideals in the polynomial ring F [X 0 , . . . , X N ], such that the group laws are expressible in F . For any field L such that F ⊂ L ⊂ K, we say a closed subvariety of A is L-rational in A F if, whenever A is expressed as (2), it has the form
For each v ∈ Ω K , we denote by O v the valuation ring in K v and by m v the maximal ideal in O v . For a finite subset S of Ω K , the subring of S-integers in K is denoted by
Given a such A defined over K as above, let J (v) denote the subset of J∩O v [X 0 , . . . , X N ] consisting of polynomials with some coefficients not in m v , and define
Also, for any finite subset S ⊂ Ω, set
Then, the following useful result can be obtained by Hilbert's Nullstellensatz: Lemma 2. Every finitely generated subgroup H of A(K) admits a Hausdorff subtopology generated by subgroups with finite index.
Proof. Because H is finitely generated and Ω K \ Ω is finite, there exists a place v 0 ∈ Ω such that A(O v0 ) is a group containing H. Since A(O v0 ) is a compact subgroup of A(K v0 ) whose topology is Hausdorff and generated by subgroups, the topology of A(O v0 ) is Hausdorff and generated by subgroups with finite index, and so is the v 0 -adic subtopology of H.
Let P(A, X, f, K) stand for the statement of Theorem 1.
Lemma 3. Let A, X, f, K be as in Theorem 1 and let L/K be a finite extension.
Proof. Note that the definition of H depends on the choice of K. Let Ω 0 L denote the set of places of L lying above Ω. Consider the natural embeddings
which is also a finite set.
2.3. In view of Lemma 3, by replacing K by certain finite extension L if necessary, we can assume that A is an extension of an abelian variety B by a split torus G n m , for some n ≥ 0. This is actually the definition taken by Serre [Ser88] . Lemma 1 implies that A(O v ) is a group for all but finitely many v ∈ Ω K . Therefore, if S is sufficiently large, then A(O S ) is a subgroup of A(K). In this case, it is finitely generated. To see this, we may extend S and assume that the subgroup
as the kernel, the assertion follows from the Mordell-Weil theorem and Dirichlet's unit theorem. Also, if S is large enough, then the finitely generated subgroup H is contained in A(O S ).
Lemma 4. Every isotrivial semi-abelian variety A 0 is isogenous (over K) to the product G n0 m × B 0 , for some nonnegative integer n 0 , where B 0 is an abelian variety defined over F p .
Proof. We may assume that A 0 is actually defined over F p . Then there is a strictly exact sequence (see [Ser88] 
Recall that, for any pair (G, T ) of commutative algebraic groups, the set of isomorphism classes of commutative algebraic groups E along with the strictly exact sequence 0 → T → E → G → 0 forms an abelian group Ext(G, T ) under the Baer sum. In fact, Ext is a bifunctor from the category of pairs of commutative algebraic groups to the category of abelian groups [Ser88] . It is routine to check that, for any commutative algebraic group E representing its class [E] ∈ Ext(G, T ), and any positive integer m, there is a natural exact sequence
defined over an algebraic closure of a field of definition of E, where T [m] is the algebraic subgroup of m-torsion points in T , and E (m) is a commutative algebraic group representing the class m[E] ∈ Ext(G, T ). In our case, the isomorphism class
n0 , where the equality holds because Ext is a bifunctor. One knows (e.g., the comments following Theorem 6 of Chapter VII in [Ser88] ) that Ext(B 0 , G m ) is isomorphic to the dual abelian variety B and the isogeny is provided by (5).
The Zero-Dimensional Case
In this section, we prove Theorem 1, by assuming dim X = 0. Proposition 1. Suppose that f : A → A 0 is an isogenous defined over K and A 0 is an isotrival semi-abelian variety. Then for any finitely generated subgroup H of A(K), there exists a collection {U n : n ≥ 1} of subgroups of H with the following two properties:
(1) For each v ∈ Ω K and each n ≥ 1, U n is open in every v-adic subtopology of H. (2) n≥1 U n is contained in the torsion subgroup of H.
Proof. Without loss of generality, we may replace K by one of its finite extensions and assume that f is defined over K and A 0 is defined over
is continuous with finite kernel, it is sufficient to show that f (H) precesses a family of open sets satisfying the properties correspondingly. Thus, we only need to consider the case where A = A 0 and f is the identity map. We claim that for each v ∈ Ω K and each n ≥ 1, the subgroup
and n≥1 K p n is the maximal finite subfield of K. To prove the claim, we first note that since there is no nontrivial purely inseparable finite extension of
, and consequently the quotient space
, the image of the map is finite, whence discrete. This completes our proof.
3.2. Congruence Subgroup Property. For an additive topological abelian group G, we say that G has the congruence subgroup property if the subgroup nG =: {nP : P ∈ G} is open for every positive integer n; if G is finitely generated, then the following conditions are equivalent:
(1) G has the congruence subgroup property. Lemma 5. Let G be a finitely generated abelian topological groups. Let Σ be a set consisting of natural numbers, which is closed under multiplication, satisfying the condition that every subgroup of G of index in Σ is open. Then Σ also satisfying the corresponding condition for each subgroup H of G, namely, every subgroup of
In particular, if G has the congruence subgroup property, then so has H.
Proof. We may assume that each positive divisor of any element in Σ also lies in Σ. Let m ∈ Σ be the product of those natural numbers in Σ, each of which is the order of some elements in the finitely generated abelian group G/H. Then, for every n ∈ Σ, we have H ∩ mnG ≤ nH. Since mn ∈ Σ, it follows that mnG is open in G. This shows that nH is open in H and so is every subgroup of H with index n.
Lemma 6. Suppose that every finitely generated subgroup of A(K) has the congruence subgroup property. Then for any finitely generated subgroup H of A(K) and any subset J of A(K), we have J ∩ H = J ∩ H.
For any subgroup J of G := v∈Ω A(K v ), its topological closure J is also a subgroup. In fact, since the map q : G × G → G defined by (P, Q) → P − Q is continuous, the preimage q −1 (J) is a closed subset of G × G containing J × J, and thus contains J × J = J × J; then q(J, J) = J as desired. The following result generalizes Lemma 3.6 in [PV10] .
Lemma 7. If a finitely generated subgroup H of A(K) has the congruence subgroup property, then every torsion element of H lies in H.
Proof. Write H = T + F , where T is finite subgroup and F is torsion-free. Suppose a ∈ H \ T with ma = 0 for some nonzero integer m. Since T is finite, there exists an open subgroup U of v∈Ω A(K v ) such that (T + U ) ∩ (a + U ) = ∅. Since F is of finite index in H, by the congruence subgroup property of H, we may assume that U ∩ H ⊂ F . Lemma 5 says that U ∩ H also has the congruence subgroup property, thus there exists an open subgroup V of v∈Ω A(K v ) such that V ∩ U ∩ H = m(U ∩ H). Because ma = 0, the continuity of the multiplication-by-m map ensures the existence of an open subgroup W of U such that m(a+W ) ⊂ U ∩V . Now since a ∈ H, there exist t ∈ T and f ∈ F such that t + f ∈ H ∩ (a + W ). On the other hand, we have
As the topology of v∈Ω A(K v ) is generated by subgroups, it follows that y −z ∈ H. This shows the surjectivity of (6).
The proof of the following proposition is postponed to Subsection 5.1.
Proposition 2. If A is isogenous to G N m × B for some nonnegative integer N and some abelian variety B defined over K, then every finitely generated subgroup of A(K) has the congruence subgroup property. In particular, the same conclusion holds if A is isogenous to an isotrivial semi-abelian variety defined over K.
3.3. The proof. Proof of Theorem 1 in the case where dim X = 0:
We write X = Z to reflect this zero-dimensional situation. As Z is zerodimensional, by Lemma 3, we may replace K by a finite extension if necessary and assume that every point of Z actually belongs to Z(K). In particular, the
In view of Lemma 6, we only have to show v∈Ω Z(K v ) ∩ H ⊂ Z(K). Let J be the subgroup of A(K) generated by H and Z(K). By Proposition 1, there exists a collection {U n : n ≥ 1} of subgroups of J, which are open in every vadic subtopology, such that n≥1 U n is contained in the torsion subgroup of J.
Suppose Q is also contained in H. Then there is a sequence {P n } n≥1 in H such that at each v, the sequence {i v (P n )} n≥1 has Q v as its limit point in A(K v ). Write
Since each U n is open in the v-adic subtopology, for each r ≥ 1, there exists an N such that P n − Q (v) ∈ U r , for n ≥ N . It follows that for every pair v, w ∈ Ω, the difference Q (v) −Q (w) belongs to r≥1 U r , whence a torsion point. Since the set {Q (v) } v∈Ω is finite, there exists a non-zero integer m such that m(Q (v) − Q (w) ) = 0, for each pair v and w. Fix a w ∈ Ω. Then the difference Q − Q (w) = (Q v − Q w ) v∈Ω ∈ J is torsion, and hence, by Proposition 2 and Lemma 7, it is actually contained in J. In particular, Q ∈ J is a global point.
Example 0. The conclusion in Theorem 1 would fail, even in the case where dim X = 0, if the hypothesis that H is finitely generated were removed. To see this, let K be the field F p (t) of rational functions over
. Denote by Z the K-subvariety {α, β} of G m , and by K * iv / / K * v the natural inclusion. Consider the sequence (7)
x n = (
where π 1 , π 2 , π 3 , . . . are all irreducibles in F p [t] . Then the sequence (x n ) has a limit
(ii) Suppose α = β = 1 and set b = 1 in (7). Then {x n : n ≥ 1} ⊂ O * S for any finite S ⊂ Ω K ; hence, by taking a subsequence, we may assume that every nonzero power of x n does not belong to the subgroup of G m (K) generated by {α, x 1 , . . . , x n−1 }. Letting H be the subgroup of G m (K) generated by
The Inductive Step
In this section, we complete the proof of Theorem 1 by reducing the general case to the zero-dimensional case which is established in Subsection 3.3. Focusing on the case where the isogeny f is the identity map until the very end of the reduction, the following Lemma 9 and Lemma 10 are crucial to our inductive procedure. Their proofs, being long and independent of the rest materials in this section, will be postponed until Subsection 5.2.
Lemma 9. Let N be a non-negative integer and m a natural number. For each v ∈ Ω, let I v be an ideal of Proposition 3. Let m be a natural number. Let A 0 be a semi-abelian variety defined over the largest finite subfield F q ⊂ K, and X a closed K-subvariety which is not K
we have an embedding of A 0 into some P N so that its underlying variety is
f (P ) = 0 for all f ∈ I g(P ) = 0 for some g ∈ J for some homogeneous ideals I and J in F q [X 0 , . . . , X N ], and that X is defined by (8) with I replaced by a homogeneous radical ideal
. Let Y be the closed subvariety of A 0 given by (8) except I is replaced by the homogeneous ideal
To do so, we first apply Lemma 10 to deduce thatĨ v is generated by elements in K
Then by Lemma 9, we conclude that
, and that the right side of (9) equals to
Proposition 4. Let A 0 be a semi-abelian variety defined over the largest finite subfield F q ⊂ K, and X be a positive-dimensional closed K-subvariety of A 0 such that all the largest dimensional irreducible components of the translates X + P , P ∈ A 0 (K), are not F p -rational in (A 0 ) Fq . Let H be a finitely generated subgroup of A 0 (K), Then there exists a closed K-subvariety Y of X with a smaller dimension,
Proof. Let Frob : A 0 → A 0 be the Frobenius endomorphism. By taking H 0 = A 0 (O S ) for some large enough finite S ⊂ Ω K , we assert that that there is a finitely generated subgroup H 0 of A 0 (K) such that H ≤ H 0 and Frob(H 0 ) ≤ H 0 . Since
it is enough to prove the desired result under the additional hypothesis that Frob(H) ≤ H.
Assume that X is irreducible. First we apply the argument in the proof of Theorem A. Part 1 in [AV92] using the Hilbert scheme associated to equivalent compactification of A 0 , and conclude that there is a positive integer N such that for every γ ∈ H the translate
Since the Frobenius endomorphism gives rise to an injection H 
In general, write X = X 1 ∪ · · · ∪ X m ∪ · · · ∪ X m+n where each X i is irreducible and dimX j = dimX, for j = 1, ..., m; dimX i < dimX, for i = m + 1, ..., m + n. Then, for j = 1, ..., m, choose a closed proper K-subvariety Y j of X j satisfying Proof of Theorem 1. In view of Lemma 3, we may assume that the isogeny f : A → A 0 is defined over K, that A 0 is defined over some finite subfield of K, and that every point in the kernel of f lies in A(K). If dimX = 0, then the theorem is proved in Subsection 3.3. In general, we prove by the induction on dimX.
Write X 0 = f (X). Proposition 4 applied to A 0 ensures the existence of a closed K-subvariety Y 0 of X 0 of smaller dimension such that
The assumption in Theorem 1 is preserved when X is replaced by Y , hence the induction hypothesis implies that Y (K) ∩ H is finite and
This completes the proof. In order to deduce Corollary 1 from Theorem 1, we need the following result.
Lemma 11. Let C 1 → C → C 0 be a chain of nonconstant maps between projective curves defined over K with C smooth. Suppose that both C 0 and C 1 as well as the composition C 1 → C 0 are defined over F p . Then C is also defined over F p .
Proof. The given chain of maps induces the following diagram of their function fields:
where both columns are finite extensions, and the maps in both rows are ⊗ Fp K. To prove this lemma, since C is smooth, it suffices to find a field F with transcendence degree 1 over F p such that F ⊗ Fp K is K-isomorphic to K(C). First we assume that
Identifying all fields involved as subfields of N ⊗ Fp K, we take F = N ∩ K(C).
Galois theory shows that [N
In the general case, let L be the separable closure of F p (C 0 ) in F p (C 1 ). The preceding argument yields a field F ′ with transcendence degree 1 over F p such that
q for some power q of p, and since F p is perfect, the field
q is the one we look for.
Proof of Corollary 1. Let X be a non-isotrivial smooth projective K-curve with its Jacobian J isogenous to an isotrivial abelian variety A 0 . Without loss of generality, we can assume that A 0 is defined over F p . Denote by f : J → A 0 the isogeny and byf : A 0 → J its dual. Let m be the positive integer such that f •f is the multiplication-by-m map on A 0 , andf • f is the multiplication-by-m map on J. In view of the discussion given in Section 1 , we need to show that X(J) is finite and each translate f (X) + P , P ∈ A 0 (K) is not F p -rational. Now, since A 0 is isotrivial, X(A 0 ) is finite, by Tate [Tat95] . Choose a prime l not dividing pm. The isogenies f andf induce a chain
of maps between the l-primary part of X(J) and of X(A 0 ) such that the composition is an isomorphism. In particular,
By another result of Tate [Tat95] , it follows that X(J) is finite as desired.
Suppose C 0 := f (X) + P is F p -rational in A 0 . Write C = X + Q, for some Q ∈ f −1 (P ) and let C 1 be an irreducible component of the pre-image of C 0 under
Consequently, C is defined over F p , and hence X, being isomorphic to C, is isotrivial. This is a contradiction.
Example 1. The conclusion in Theorem 1 would fail if no hypothesis were put on X. To see this, let K be the field F p (t) of rational functions over F p , and H = t be the cyclic subgroup of G m (K) generated by t. Take a cofinite subset Ω of Ω K such that t ∈ O * v for every v ∈ Ω. For any m ≥ n, we have
Thus, the sequence (t p n! ) n≥1 in H is Cauchy, and admits a limit Q = (Q v ) v∈Ω in H by compactness. Note that Q vt−1 = 1, where v t−1 ∈ Ω is the unique one satisfying t − 1 ∈ m vt−1 ; while
5. The proofs of key intermediate results
The proof of Proposition 2.
In this subsection, we fix a finitely generated subgroup H ⊂ A(K). The number field counter part of the following lemma (for Ω consisting of only non-Archimedean places) is just a reinterpretation of Theorem 1, [Che51] , and it can actually be carried over to the function field case. I thank the referee for pointing out the present much shorter proof using Galois cohomology. In the case where A is an abelian variety, the first assertion of Proposition 2 is essentially proved by Milne, who generalizes a result of Serre [Ser71] in the case where K was a number field.
Proposition 5. Suppose that A is an abelian variety defined over K. Then every subgroup H of A(K) has the congruence subgroup property. Proof. The case where H = A(K) is exactly Corollary 1, [Mil72] . Then other cases follow from Lemma 5.
Proof of Proposition 2: Let H be a finitely generated subgroup of A(K). We need to show that nH ⊂ H is open for every n. Suppose we are given the isogeny φ : A → G Since T is finite, Lemma 2 implies the existence of an open subgroup U of H of a finite index m such that U ∩ T is trivial. Now, since nmH + T = φ −1 (nmφ(H)) is open in H + T = φ −1 (φ(H)), the subgroup H ∩ (nmH + T ) is open in H. Also, since nmH ⊂ mH ⊂ U and U ∩ T is trivial, we see that U ∩ (nmH + T ) = nmH. Therefore nmH is open in H, and thus so is nH.
